Derivatives in Economics
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Derivatives appear in economics! The term “marginal” are used to denote the rate of change
of a quantity with respect to the variable on which it depends. Therefore, the “marginal” of a
function means the “derivative” of a function! For example,

« Marginal Cost: Suppose that C(z) is the total cost function for a manufacturer to
produce x units of a commodity. Then the marginal cost of production is C'(x) which can
be used to estimate the extra cost of producing one more unit

Cle+1)— C’(a:)

AC =C(z+1)—C(z) =

« Marginal Revenue, Marginal Profit: Suppose that R(z) is the revenue generated when
x units of a commodity is produced and sold, and P(x) is the corresponding profit. Then,
marginal revenue R'(x) approximates the additional revenue of producing one more unit,

AR = R(x + 1) — R(x), and marginal profit P'(x) approximates AP = P(z + 1) — P(x).

o Marginal Utility: Let U(x) be the utility of consuming x units of a commodity. Then,
we use marginal utility U'(x) to estimate the additional utility of consuming one more unit.

Exercise: The weekly total cost for manufacturing x sets of Pulsar 40-in television is
C(z) = 10~*2® — 0.0622 + 500z + 10000
1. Use marginal cost to estimate the extra cost of producing the 11%" Pulsar TV, C(11)—C(10).
We use €'(10) to eStimite CCl)~-CLLo).
¢txr= 3x10¥ %2 0.12% + 500 , C'toy=4496.83

2. When is marginal cost decreasing? When is it increasing? Try to explain this economic
phenomena. — ~/r5 = 3x(G¥x%~ 0,12+ 500, C tx)= bxlo¥x-0.12.

C"(x;<o oy ocxczoo = Cix) CS dzcyeasa@ $oy 0cX <250,
(Thag TS colled the “ EOomomy of Scale"‘)

[(

Cexy>o for X>200 = Cex) o5 ncveasing Tor % >200.

3. If the weekly demand for Pulsar TV is described as p = —0.125z + 600, 0 < x < 4800
where p is the unit price and x is the quantity demanded. How many TV sets should be
produced weekly to maximize profit?

SL- =%Plx)—-Clx) = —0.!25)(.21-%0)(— [C-)(L)c3
The profif o5 T

1-o.ob><2- Godx — (000D
To fiud the maximum value of Txron [0,4800T ) we Frnd
tvitiads nuwbers of TTULO Tn (O, 48u0) .
Solve T'(x) = ~3x 0¥ 2 0.13% +100 =0 = %460 oy ‘2—';;—0
TTLH00) = 13260 , TT(0) = — 10000, TT(4E00)<O |
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Henw the maiman. profit s 13260 which os oblagmed bj
?)'Ocluc,?mj 400 TV setig weﬂk’ld .



Economists usually use different scales of measurement when counting production quantity (in
thousands vs. in millions), or pricing (using different currency). This creates a problem for using
the derivative f’(p) to describe the sensitivity of the demand y for a certain product to the price
p charged for the product: y = f(p).

Instead, economists use the point elasticity of demand to describe price sensitivity, which
is defined as the percentage change of quantity demanded divided by the percentage change in
prices. When the units are divisible, the point elasticity of demand is

y(p+Ap)—y(p)
e= lim — Y :2—)@
Ap—0 Ap y dp

p

A commodity is said to be elastic if ¢ < —1. A commodity is inelastic if —1 < e < 0.

Exercise:

1. Consider a demand function y(p) = a + bp for 0 < p < —% where b < 0. Find the values
of p such that the point elasticity is between 0 and —1. Find the values of p such that the

point elasticity is smaller than —1. bP
¢=4 P - by by ml€ee0 & _l<a+bp<o
D arbp | & ~abp < bp<o
c<-1 & aii <~1 S bp<a-bp| < b<o , -a-bp<bp &S -ac2bp
"b<o, bp<-abp & 2bP<-a g = P<—Ea’35.§@0< 4
S s g b0 ko g ) OPE

2. What is the point elasticity when demand takes the form y = Kp~" where K and r are
positive constants? Does it depend on price p?

e s
g:c‘_‘ﬂ 4;_ (k (r)p”) fow =T

The poiat elasi'*czfej S a Cotait fundiow ECPIZ-T whah

Joetn’t depend sn price P -

( Cm\versej , Yot can prove thal of €(pI=-r ; a canstut Frnclzen, Hhon
IPI=KP for some constait k>0 . )

3. Show that if a commodity is inelastic, then an increase in price leads to an increase in
total revenue y(p) - p. On the other hand, an increase in price leads to an decrease in total
revenue y(p) - p when the commodity is elastic.
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